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Abstract. A coupled Camassa-Holm type equation is linked to the first negative
flow of a modified Drinfeld-Sokolov III hierarchy by a transformation of reciprocal
type. Meanwhile the Lax pair and bi-Hamiltonian structure behaviors of this coupled
Camassa-Holm type equation under change of variables are analyzed.
1. Introduction
The Camassa-Holm (CH) equation
mt + umx + 2uxm = 0, m = u− uxx (1)
was proposed as a model for long waves in shallow water by the asymptotic
approximation of Hamiltonian for Green-Naghdi equations in 1993 [1]. It is completely
integrable with a Lax pair and associated bi-Hamiltonian structure [1, 2], and is shown to
be solvable by inverse scattering transformation [3, 4, 5]. Meanwhile the CH equation is
linked to the first negative flow of the KdV hierarchy by a transformation of reciprocal
type [6, 7, 8]. Furthermore, different from KdV equation, the CH equation admits
peakon solutions [1, 2, 9], and we call the integrable equation possessing peakon solutions
CH type equation.
Degasperis and Procesi [10], applying the method of asymptotic integrability,
discover a new CH type equation
mt + umx + 3uxm = 0, m = u− uxx, (2)
which is also integrable admitting a Lax representation as well as a bi-Hamiltonian
structure, and is reciprocal linked to a negative flow of the Kaup-Kupershmidt hierarchy
[11]. Besides the multi-peakon solutions of it are studied by inverse scattering approach
[12, 13].
Applying the tri-Hamiltonian duality approach [6, 14], two new CH type systems
are proposed and the corresponding Lax pairs are given by Schiff [15]. The first one is
the modified CH equation (MCH) [6, 14]
mt + [(u
2 − u2x)m]x = 0, m = u− uxx, (3)
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which is later rediscovered by Qiao from two dimensional Euler equation [16].
Furthermore, the MCH equation is related to the (modified) KdV hierarchy via a
reciprocal transformation [17]. The peakon and multi-component generalization of it
are also researched (see e.g. [18, 19]). The second one is a two-component CH equation
[14]
mt + umx + 2uxm− ρρx = 0, m = u− uxx, (4)
ρt + (ρu)x = 0, (5)
which is rediscovered from the Green-Naghdi equations and the peakon solutions of it
in the short waves limit are constructed by Constantin [20]. Moreover it is reciprocal
linked to the AKNS hierarchy [21].
Subsequently, the Novikov’s equation [22]
mt + u
2mx + 3uuxm = 0, m = u− uxx. (6)
is obtained in the symmetry classification of CH type equation, a Lax pair and bi-
Hamiltonian structure are given by Hone and Wang [17], and the explicit formulas for
the multi-peakon solutions of the Novikov’s equation are calculated [23]. Especially the
Novikov’s equation is reciprocal connected to the first negative flow of Sawaka-Kotera
hierarchy. The Geng-Xue equation [24]
mt + 3uxvm+ uvmx = 0,
nt + 3vxun+ uvnx = 0, (7)
m = u− uxx, n = v − vxx.
is proposed as a generalization of the Novikov’s equation admitting a Lax pair and
a Hamiltonian structure later. Furthermore, the Geng-Xue equation is reciprocal
connected to the first negative flow of the modified Boussinesq hierarchy [25], and the
peakon solutions of it are discussed [26].
Recently, Geng and Wang [27] propose a new coupled CH type equation with cubic
nonlinearity
vt = 2vx(qrx − qxr) + 2v(3qrxx − qxxr − qxrx − qr),
wt = 2wx(qrx − qxr)− 2w(3qxxr − qrxx − qxrx − qr), (8)
v = rxxx − rx, w = qxxx − qx,
associated with a 4× 4 matrix spectral problem
ϕx = Uϕ, ϕ =


ϕ1
ϕ2
ϕ3
ϕ4

 , U =


0 0 1 0
0 0 0 1
1
4
λv 0 0
λw 1
4
0 0

 . (9)
Bi-Hamiltonian structure and infinite sequences of conserved quantities as well as N-
peakon solutions for the new system are also considered by them.
The outline of this paper is as follows. In section 2, we construct a reciprocal
transformation for the CH type system (8), it shows that the transformed system is a
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constraint of the first negative flow of a modified Drinfeld-Sokolov (DS) III hierarchy.
In section 3, the Hamiltonian structures of the coupled CH type hierarchy under
the reciprocal transformation are given. In appendix, a reciprocal transformation for
another system related to the problem (9) is also studied.
2. Reciprocal transformation
Since infinite sequences of conserved quantities for the integrable hierarchy of the
spectral problem (9) are obtained [27], we may construct reciprocal transformations
for the coupled CH type system (8) which possesses the Lax representation
ϕx = Uϕ, ϕt = V ϕ, (10)
where
V =


2qxxr − k1
rx
λ
4k2 −
2r
λ
−
qx
λ
k1 − 2qrxx
2q
λ
4k2
qxxrx − qxrxx − k2 4λvk2 +
2rxx−r
2λ
2qrxx − k1 −
rx
λ
4λwk2 +
q−2qxx
2λ
qxxrx − qxrxx − k2
qx
λ
k1 − 2qxxr

 ,
herein k1 =
1
2λ2
+ qxrx + qr, k2 =
1
2
(qrx − qxr).
Especially, notice that the equation (8) implies a conservation law
((wv)
1
4 )t = (2(wv)
1
4 (qrx − qxr))x,
which defines a reciprocal transformation via the relation
dy = udx+ 2u(qrx − qxr)dt, dτ = dt, (11)
where u = (wv)
1
4 .
Setting h = ( v
w
)
1
4 , then after a gauge transformation ϕ1 = hu
−
1
2φ, the scalar form
of spectral problem (9) can be transformed to
(∂4y + ∂ym∂y + n)φ = λ
2φ, (12)
where
m = −
1
2u2
+
u2y
2u2
−
uyy
u
− 6
h2y
h2
+ 4
hyy
h
,
n = −
hy
h
my +
h2y
h2
m+
1
2
myy −
hyyyy
h
+ 36
h4y
h4
− 48
h2yhyy
h3
+ 6
h2yy
h2
+ 10
hyhyyy
h2
+
uyy
4u3
+
u2yy
4u2
+
1
16u4
−
u2yuyy
4u3
+
u4y
16u4
−
u2y
8u4
.
The relation between m,n and u, h may be related to factorization of Lax operator
[28]. To begin with the factorization in [29],
L = ∂4y + ∂ym∂y + n = (∂
2
y + ∂yi− j)(∂
2
y − i∂y − j),
where m and n satisfy a pair of generalized Miura system
m = −(iy + i
2 + 2j), n = j2 − jyy − (ij)y.
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In fact L may be further decomposed as
L = (∂y − b1 + a1)(∂y − b1 − a1)(∂y + b1 + a1)(∂y + b1 − a1),
with i, j satisfying
i = −2b1, j = a1y + a
2
1 − b1y − b
2
1,
where a1 =
uy+1
2u
, b1 =
hy
h
.
It is not difficult to find that the spectral problem (12) is which of the DS III
system [30, 31] and the system (8) in the new variable is nothing but a constraint of
the first negative flow of the DS III hierarchy. However, detailed calculation shows
that we should rewrite the spectral problem (12) as matrix form in order to obtain the
transformed system of (8) and its Lax pair.
To this end, on the one hand, eliminating ϕ3, ϕ4 and denoting s =
u
h2
, the spectral
problem (9) is transformed to
φyy + (
uy
u
−
sy
s
)φy + (
3s2y
4s2
−
syy
2s
−
uysy
2us
−
1
4u2
)φ = λψ,
ψyy + (
sy
s
−
uy
u
)ψy + (
syy
2s
−
s2y
4s2
−
uysy
2us
−
uyy
u
+
u2y
u2
−
1
4u2
)ψ = λφ,
where ψ = us−
1
2ϕ2 (here and in the sequel, we use u, s instead of u, h for convenience).
Then the two new potentials i, j are obtained
i =
sy
s
−
uy
u
, j =
1
4u2
+
uysy
2us
−
3s2y
4s2
+
syy
2s
.
Setting Φ = (ψ, ψy, φ, φy)
T , then the Lax pair (10) of the system (8) is transformed to
Φy =


0 0 1 0
0 0 0 1
j λ i 0
λ j − iy 0 −i

Φ, Φτ =


− 1
2λ2
gy−2gi
λ
0 −2g
λ
−
fy+2fi
λ
1
2λ2
2f
λ
0
−2g A2
λ
− 1
2λ2
−
gy
λ
A3
λ
2f fy
λ
1
2λ2

Φ, (13)
where f = q u
2
s
, g = rs with
A2 = gyy − 2gyi− 2gj,
A3 = − fyy − 2(fi)y + 2fj.
On the other hand, under the transformation (11), the system (8) is transformed
to
iτ = − 2(rs+ q
u2
s
), u2s−1 = ∂yu∂yu∂yr − ∂yr,
jτ = − 3(rs)y + 2rsi+
u2
s
(qy + q
sy
s
), s = ∂yu∂yu∂yq − ∂yq.
Furthermore, above system may be reformed as
iτ = − 2(f + g), F1 = −1, (14)
jτ = fy − 3gy + 2i(f + g), F2 = −1, (15)
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where
F1 = 3igyy − gyyy + (iy − 2i
2 + 4j)gy + (2jy − 4ij)g,
F2 = (4ij + 2jy − 2iyy − 4iiy)f + (4j − 5iy − 2i
2)fy − 3ifyy − fyyy.
Then it is easy to verify that the compatibility of the transformed Lax pair (13) is just
the transformed system (14-15), so the system (8) and its Lax pair (10) are transformed
to (14-15) and (13) respectively.
Now, we will show that the transformed system (14-15) is a constraint of the first
negative flow of the modified DS III hierarchy. The first negative flow of the modified
DS III hierarchy may be formed as (see Appendix)
iτ = − 2(f + g), G1 = 0, (16)
jτ = fy − 3gy + 2i(f + g), G2 = 0, (17)
where
G1 =
1
4
(2(F1 + F2)y + ∂yi∂
−1
y (F1 − F2)),
G2 =
1
4
((∂2y − i∂y)(F1 + F2) + (−
1
2
∂3y +
i
2
∂2y + j∂y + ∂yj)∂
−1
y (F1 − F2)).
To see the connection between (14-15) and (16-17), it is clear that the following identity
holds: (
G1
G2
)
=
1
2
(
∂y +
i
2
+ iy
2
∂−1y ∂y −
i
2
−
iy
2
∂−1y
1
4
∂2y −
i
4
∂y + j +
jy
2
∂−1y
3
4
∂2y −
3i
4
∂y − j −
jy
2
∂−1y
)(
F1
F2
)
,
(here all integration constants are assumed to be zero). This leads to the fact that the
system (14-15) may be regarded as a reduction of the first negative flow of the modified
DS III hierarchy (16-17).
3. The Hamiltonian structure behavior under the transformation
Let us define E = ∂3 − ∂, θ = (v, w)T and v(n) = ∂
nv
∂xn
, then the coupled system (8) can
be written as a bi-Hamiltonian structure(
v
w
)
t
= J2
(
δ
δv
δ
δw
)
H0 = J1
(
δ
δv
δ
δw
)
H1 (18)
where
J2 = −Eσ1,
J1 = −2σ3θ∂
−1(σ3θ)
T − 2(θ∂ + ∂θ)E−1(θ∂ + ∂θ)T ,
and
H0 =
1
2
∫
(v[2q2rxx − 2qqxrx + q
2
xr − q
2r] + w[2rqxrx − 2qxxr
2
− r2xq + r
2q])dx,
H1 =
1
2
∫
(wr − qv)dx,
herein σ1 =
(
0 1
1 0
)
and σ3 =
(
1 0
0 −1
)
are the standard Pauli matrices.
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The corresponding structures such as the recursion operator, bi-Hamiltonian
structure, conserved quantities between the two connected equations can be generated
by the reciprocal transformation (11), and in the following, the bi-Hamiltonian structure
for the coupled CH type hierarchy under the change of variables (x, v, w)→ (y, i, j)

y = P (x, v(n), w(n)) =
∫ x
−∞
(wv)
1
4dx = ∂−1(wv)
1
4 ,
i(y) = Q1(x, v
(n), w(n)) = −1
2
(wv)−
5
4 (wvx − wxv),
j(y) = Q2(x, v
(n), w(n))
= 1
64
(wv)−
5
4 (16w2v2 − 33v2w2x + 6wwxvvx + 7w
2v2x + 24v
2wwxx − 8w
2vvxx)
may be given.
Let ϑ = (i, j)T , following the ideal in [32], an implicit function B(θ, ϑ) = 0 may be
defined, then
Bθθt +Bϑϑt = 0,
where Bθ, Bϑ are corresponding Freche´t derivatives for the vector variables, so we get
ϑt = −T1θt, T1 = B
−1
ϑ Bθ.
It is easy to find that Bϑ is the identity matrix, therefore we may obtain
T1 =
(
iyP
′[v]−Q′1[v] iyP
′[w]−Q′1[w]
jyP
′[v]−Q′2[v] jyP
′[w]−Q′2[w]
)
. (19)
Then as we know that
θt = J (v, w)
δH
δθ
= J (v, w)Eθh, (20)
ϑt = J˜ (i, j)
δH˜
δϑ
= J˜ (i, j)Eϑh˜, (21)
where
H =
∫
h(x, v(n), w(n))dx, H˜ =
∫
h˜(y, i(n), j(n))dy,
and Eθ, Eϑ are the Euler operators. In order to connect the Hamiltonian structures of
the two evolution equations, we need the action on Euler operator under a change of
variables which is related by (see [33], Exercise 5.49)
Eθh = T2Eϑh˜,
herein
T2 =
(
Q′∗1,v(DxP )− P
′∗
v (DxQ1) Q
′∗
2,v(DxP )− P
′∗
v (DxQ2)
Q′∗1,w(DxP )− P
′∗
w (DxQ1) Q
′∗
2,w(DxP )− P
′∗
w (DxQ2)
)
. (22)
We are now in a position to state our main results:
Theorem 1 [32] The Hamiltonian structures of two evolution equations (20) and (21)
which are related by B(θ, ϑ) are linked as
J˜k = −T1JkT2 (k = 1, 2),
(
δ
δv
δ
δw
)
H(v, w) = T2
(
δ
δi
δ
δj
)
H˜(i, j), (23)
where T1 and T2 are given by (19) and (22) accordingly.
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In the following, we will indicate the explicit formula for the transformed
Hamiltonian operators. It is easy to find that
P ′v =
1
4
∂−1(wv)−
3
4w =
1
4
∂−1y
1
v
, P ′w =
1
4
∂−1y
1
w
,
P ′∗v = −
1
4
(wv)−
3
4w∂−1 = −
u
4v
∂−1y
1
u
, P ′∗w = −
u
4w
∂−1y
1
u
.
Then through tedious calculations and change of variables, we obtain
Q′1,v = −∂y
1
2v
−
i
4v
, Q′1,w = ∂y
1
2w
−
i
4w
,
Q′2,v = (−
j
2
−
1
8
∂2y +
i
8
∂y)
1
v
, Q′2,w = (−
j
2
+
3
8
∂2y −
3i
8
∂y)
1
w
,
and
Q′∗1,v(DxP ) =
u
4v
(2∂y − i), Q
′∗
1,w(DxP ) = −
u
4w
(2∂y + i),
Q′∗2,v(DxP ) = −
u
v
(
j
2
+
1
8
∂2y +
1
8
∂yi), Q
′∗
2,w(DxP ) =
u
w
(−
j
2
+
3
8
∂2y +
3
8
∂yi).
A direct computation shows
T1 =
1
4
(
(∂yi∂
−1
y + 2∂y)
1
v
(∂yi∂
−1
y − 2∂y)
1
w
(jy∂
−1
y + 2j +
1
2
∂2y −
i
2
∂y)
1
v
(jy∂
−1
y + 2j −
3
2
∂2y +
3i
2
∂y)
1
w
)
,
T2 =
1
4
(
u
v
(2∂y − i+ ∂
−1
y iy)
u
v
(−1
2
∂2y −
1
2
∂yi− 2j + ∂
−1
y jy)
u
w
(−2∂y − i+ ∂
−1
y iy)
u
w
(3
2
∂2y +
3
2
∂yi− 2j + ∂
−1
y jy)
)
.
We are now in a position to obtain the Hamiltonian operators J˜1, J˜2.
Proposition 1 Under change of variables,
1
v
E
u
w
= Θ1 = ∂
3
y − 3i∂
2
y + (2i
2 − iy − 4j)∂y + 4ij − 2jy.
It follows from the proposition 1 that
1
w
E
u
v
= −Θ∗1 = ∂
3
y + 3i∂
2
y + (2i
2 + 5iy − 4j)∂y + 2iyy − 2jy + 4iiy − 4ij,
Hence we deduce that
J˜1 = −
1
16
Λ
(
0 Θ1
−Θ∗1 0
)
Λ∗, (24)
where
Λ =
(
∂yi∂
−1
y + 2∂y ∂yi∂
−1
y − 2∂y
jy∂
−1
y + 2j +
1
2
∂2y −
i
2
∂y jy∂
−1
y + 2j −
3
2
∂2y +
3i
2
∂y
)
.
Proposition 2 Under change of variables,
1
u2
E
1
u
= Θ2 = ∂
3
y + (iy −
1
2
i2 − 2j)∂y + ∂y(iy −
1
2
i2 − 2j).
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Using the proposition 2, a direct calculation shows
J˜2 =
1
2
(
2
∂y − i
)
∂y
(
2
∂y − i
)∗
−
1
2
Θ2
(
0 0
0 1
)
=
(
2∂y −(∂
2
y + ∂yi)
∂2y − i∂y j∂ + ∂j − (∂y − i)∂y(∂y + i)
)
.
Since the compatible Hamiltonian operators are gotten, a recursion operator J˜2J˜
−1
1
is obtained which is also the recursion operator of the modified DS III hierarchy
through complicated calculation (compare with the recursion operator of modified DS
III hierarchy in appendix), besides the nth equation of the coupled CH type hierarchy
may be mapped similarly.
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Appendix A. THE FIRST NEGATIVE FLOW OF THE MODIFIED DS
III HIERARCHY
Firstly, we will derive the recursion operator of the modified DS III hierarchy. Actually,
the bi-Hamiltonian operators of the DS III hierarchy [30, 34] are
P 1 =
(
0 4∂y
4∂y 3∂
3
y + ∂ym+m∂y
)
,
P 2 =
(
5∂3y +m∂y + ∂ym
3
2
∂5y +
3
2
∂2ym∂y + 4n∂y + 3ny
3
2
∂5y +
3
2
∂ym∂
2
y + 4n∂y + ny P
2
22
)
,
where P 222 =
1
2
(∂7y +∂y(∂
3
ym+m∂
3
y +m∂ym+n∂y+∂yn)∂y)+∂
3
yn+n∂
3
y +∂ymn+mn∂y ,
then the recursion operator of the DS III hierarchy is R = P 2(P 1)−1. Notice that(
m
n
)
= Ω(i, j) =
(
−iy − i
2 − 2j
j2 − jyy − (ij)y
)
,
therefore the recursion operator of the modified DS III hierarchy is R˜ = Ω′−1RΩ′.
Secondly, let us introduce the first negative flow of the modified DS III hierarchy
from the formal Lax pair
Φy =
(
0 I
A B
)
Φ, Φτ =
(
K1 K2
K3 K4
)
Φ,
where
A =
(
j λ
λ j − iy
)
, B =
(
i 0
0 −i
)
,
I is the identity matrix, and Kk = (Kk)2×2, (k = 1, ..., 4). The zero-curvature equation
yields
K1 = K4 −K2y −K
2B,
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K3 = K4y −K
2
yy − (K
2B)y +K
2A,
Aτ = K
3
y − AK
1 − BK3 +K4A,
Bτ = K
4
y − AK
2 − BK4 +K3 +K4B,
which imply that
(i− ∂y)(2K
4
12 −K
2
12y) + λ(K
2
22 −K
2
11) = 0,
(i+ ∂y)(2K
4
21 −K
2
21y) + λ(K
2
22 −K
2
11) = 0,
K411 +K
4
22 −
1
2
[(∂y + i)K
2
11 + (∂y − i)K
2
22] = 0,
S1 − S2 − 2λ(K
2
11 +K
2
22)y = 0,
S1 + S2 + λ[2K
4
22 − 2K
4
11 +K
2
11y −K
2
22y + 2i(K
2
11 +K
2
22)] = 0,
[
1
2
(∂3y + ∂
2
y i− i∂
2
y − i∂yi)− j∂y − ∂yj](K
2
11 −K
2
22) + λ(K
2
12y −K
2
21y + 2K
4
21 − 2K
4
12) = 0,
and
iτ = λ(K
2
12 −K
2
21) + λ
−1M1, (A1)
jτ = λ[
1
2
(3K212 +K
2
21)y + i(K
2
21 −K
2
12)] + λ
−1M2, (A2)
where
S1 = (
1
2
∂3y − i∂
2
y − j∂y − ∂yj −
1
2
∂yi∂y + i
2∂y + 2ij)K
2
12,
S2 = − (
1
2
∂3y + ∂
2
y i− j∂y − ∂yj +
1
2
∂yi∂y + 2i∂yi− i
2∂y − 2ij)K
2
21,
M1 =
1
4
[2(S1 + S2)y + ∂yi∂
−1
y (S1 − S2)],
M2 =
1
4
[(∂2y − i∂y)(S1 + S2) + (−
1
2
∂3y +
i
2
∂2y + j∂y + ∂yj)∂
−1
y (S1 − S2)].
Then the first negative flow of the modified DS III hierarchy can be obtained by taking
K212 = −2gλ
−1, K221 = 2fλ
−1 in (A1-A2)(
i
j
)
τ
= K
(
f
g
)
, J
(
F1
F2
)
=
(
0
0
)
, (A3)
where
K =
(
−2 −2
∂y + 2i −3∂y + 2i
)
,
J =
1
2
(
∂y +
i
2
+ iy
2
∂−1y ∂y −
i
2
−
iy
2
∂−1y
1
4
∂2y −
i
4
∂y + j +
jy
2
∂−1y
3
4
∂2y −
3i
4
∂y − j −
jy
2
∂−1y
)
.
and (
F1
F2
)
= Θ
(
f
g
)
, Θ =
(
0 −Θ1
Θ∗1 0
)
.
Straightforward calculation shows that JΘK−1 = −R˜, so the system (A3) is just the
first negative flow of the modified DS III hierarchy.
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Appendix B. RECIPROCAL TRANSFORMATION OF A
TWO-COMPONENT CH TYPE EQUATION
In fact another two-component system
vt = 4vqx + 2vxq + 2vr,
wt = 4wqx + 2wxq − 2wr, (B1)
v = qxx − q + rx, w = qxx − q − rx,
is also given by Geng and Wang [27], this system and (8) share the same spectral
problem, but auxiliary problem here is
ϕt =


r − qx 0 2q
1
λ
0 −r − qx
1
λ
2q
1
2
(v + w + q)− qxx 2λvq +
1
4λ
r + qx 0
2λwq + 1
4λ
1
2
(v + w + q)− qxx 0 qx − r

ϕ.
As points out in [27], the two-component CH system (B1) possesses a closed 1-form
ω = (vw)
1
4dx+ 2q(vw)
1
4dt,
which defines a reciprocal transformation as
dy = udx+ 2qudt, dτ = dt. (B2)
Proceeding as before we obtain, the CH system (B1) is reciprocally transformed to
iτ = s−
u2
s
, i =
sy
s
−
uy
u
, (B3)
jτ =
1
2
sy +
uy
u
s+
u2sy
2s2
, j =
1
4u2
+
uysy
2us
−
3s2y
4s2
+
syy
2s
, (B4)
and the transformed Lax pair is
Φy =


0 0 1 0
0 0 0 1
j λ i 0
λ j − iy 0 −i

Φ, Φτ =


0 s
λ
( sy
2s
−
uy
u
) 0 s
λ
−
u2sy
2λs2
0 u
2
λs
0
s A1
λ
0 sy
2λ
u2A1
s2λ
u2
s
( u
2
2λs
)y 0

Φ,
where A1 = s(
1
4u2
+
s2
y
4s2
−
uysy
2su
).
It is not difficult to find that the transformed system (B3-B4) is a constraint of the
first negative flow of modified DS III hierarchy, but the linear differential polynomials
for s, u
2
s
like f, g in F1, F2 are difficult to analyse, therefore the concrete relation between
(B3-B4) and the first negative flow of the modified DS III hierarchy is open.
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